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Abstract

Evaluating reasoning models at large per-response thinking budgets is expensive, so practitioners
would like cheap low-budget evaluations to stand in for them. We show that a probe restricted to
at most 4k thinking tokens per response can reliably answer the practitioner’s operative question,
whether paying for a higher budget will improve accuracy, even though it cannot predict the
resulting score. The probe itself reveals which regime a model and benchmark occupy: when the
model does not consume the probe’s thinking allowance, higher budgets delivered at most small
gains (the largest was 0.051 in the preregistered suite, 0.052 across the completed campaign),
and when it saturates the allowance, measured high-budget accuracy met or exceeded the frozen
curve forecast in all 14 such cells of the preregistered suite. The resulting decision rule (buy more
budget only when the probe saturates its cap and the frozen curve forecasts a gain of at least
δ) makes zero over-promise errors across its 14 buy decisions at δ = 0.02 and its 12 at δ = 0.05
(rule-of-three 95% upper bounds 21% and 25%). The rule was constructed on the 24 Qwen3
cells; the held-out R1-Distill lineage has since completed, delivering six holdout buy decisions,
all correct: one measurement landed within 0.0005 of its frozen forecast, and on one buy cell
the measured score fell 0.060 below its frozen forecast while the buy remained correct by a wide
margin, the only substantive forecast shortfall on a buy cell in the campaign. As a numeric
forecaster, however, the probe fails its preregistered bars: the best frozen predictor lands within
twice seed noise on only 35.7% of budget-hungry cells, frozen 90% intervals cover 53.6% of 28
outcomes against an 80–97% target, the misses are systematically one-sided on budget-hungry
cells (cluster-level sign test p = 0.031), and probe cost misses its 20% token bar (35–39% of the
high-budget suite; about 21% in GPU-hours). All predictions were fit on the realized thinking
tokens of low-budget cells and frozen and hashed before any high-budget cell for that model
lineage ran, across three open models and four reasoning benchmarks under a deployable hard
thinking-budget cap. In our suite, low-budget probes are conservative purchasing signals rather
than forecasters.

1 Introduction

Test-time compute has become a primary scaling axis for reasoning models [1]: given more per-
response thinking tokens, models such as Qwen3 [2] and DeepSeek-R1 [3] solve substantially harder
problems. The same trend makes evaluation expensive. A single 32k-token-budget sweep of one
14B model over four standard reasoning benchmarks with seed replication costs tens of GPU-hours;
a full budget grid for several models runs to a hundred or more. An evaluation practitioner deciding
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whether to pay for a high-budget run therefore faces a natural question: can a cheap probe at small
thinking budgets predict what the model would score at a much larger budget, so that the expensive
run need not happen at all?

Prior work supplies the ingredients but not the answer. Log-linear accuracy-in-log-budget curves
are documented on our model families [4, 5, 6] and derived theoretically [7], but the published fits
interpolate within measured grids rather than validating extrapolation to held-out budgets. Ex-
trapolation with held-out validation exists on neighboring axes, parallel sampling [8] and training
compute [9, 10, 11], but, to our knowledge, not on the sequential thinking-budget axis, a central
framing of test-time compute [12]. Whether the underlying curves are even monotone is con-
tested [13, 14, 15], though much of the non-monotone evidence conditions on endogenous realized
length rather than an exogenous budget knob [16].

We run the missing experiment, and we run it in a form that leaves no room for post-hoc
adjustment. For each of three models (Qwen3-8B, Qwen3-14B, DeepSeek-R1-Distill-Qwen-14B) we
measure a low-budget probe grid (budgets 0 to 4096 thinking tokens) on four benchmarks (AIME
2024 and AIME 2025 [17, 18], MATH-500 [19, 20], GPQA-Diamond [21]), fit a shortlist of curve
families on the realized thinking tokens of the probe cells, select a family by leave-one-cell-out error,
and freeze the resulting predictions: SHA-256 hashes are recorded before any cell above 4096 tokens
for that model is queued, and the artifact is committed to a version-controlled repository before
any of that model’s high-budget measurements existed. Only then do we measure the held-out cells
at 8192, 16384, and 32768 tokens.

The result is a two-part finding, and both parts are the contribution.
The forecast fails. Against the preregistered gate (prediction within twice the target cell’s seed-

to-seed standard deviation), the best frozen approach passes on about a third of budget-hungry
cells, frozen 90% intervals cover roughly half of the 28 held-out outcomes, and the probe misses
its preregistered token-denominated cost bar (exact figures in the abstract and Section 5.2). The
misses are systematic, with three diagnosed mechanisms: curve-shape blindness on budget-hungry
benchmarks (measured exceeds the frozen forecast in all six independent model–benchmark curve
groups, with under-prediction up to +0.24), axis mismatch on budget-indifferent cells (models stop
consuming budget near 4–6.6k realized tokens, so nominal-budget extrapolation over-predicts, while
the same frozen curve read post hoc at the realized-token axis is consistent with the measurement
on every such Qwen3 cell), and a mild, saturating overthinking penalty (MATH-500 declines by at
most 0.023 from its 4k peak and partially recovers).

The purchasing signal works, within its stated exposure. A one-line saturation check computable
from the probe alone (does mean realized thinking at the 4k probe reach 90% of the cap?) separates
budget-hungry from budget-indifferent cells and turns the probe into a decision rule: buy more
budget only if the probe is saturating and the frozen curve forecasts a gain of at least δ. Across
the 28 validated cells the rule makes zero over-promise errors in its 14 buy decisions at the lower
threshold and its 12 buy decisions at the higher one, where the naive curve-only rule over-promises
7 and 5 times; every residual error of the saturation-aware rule is a cheap missed upside. Zero
failures in 12–14 clustered decisions bounds the true over-promise rate only loosely, so Section 5.7
reports exposure sets, rule-of-three bounds, and interval estimates rather than bare proportions.
On budget-hungry cells of the preregistered suite the probe forecast acted as a conservative lower
bound: it never over-sold the gain there. The completed holdout adds one exception, a buy cell
whose measured score fell 0.060 below its frozen forecast while the buy remained correct by a wide
margin (Section 5.7). The screen and rule were constructed after the 24 Qwen3 cells had been

2



Cheap thinking-budget probes are one-sided forecasts but conservative purchasing signals

measured, and were fixed roughly three hours before the first held-out measurement of the third
model lineage completed; that lineage is a genuine holdout, and all six of its buy decisions landed
correct.

Our contributions, each falsifiable against the recorded artifacts:

1. A preregistered freeze-then-measure protocol for thinking-budget extrapolation: frozen, hashed
predictions from probe-only fits, validated on 28 held-out high-budget cells across three model
lineages (Sections 3, 5.2).

2. A characterization result: under an exogenous budget knob, accuracy-versus-realized-thinking
curves are smooth and monotone-increasing endpoint-to-endpoint on all 12 model–benchmark
pairs, up to within-noise local dips, a small underthinking-cliff region at B = 512, and one
mild, bounded MATH-500 overthinking dip, with harness-enforced cap compliance (Control
= 1.0) on every measured cell1 and no truncation paradox at the smoke gate (Section 5.1).

3. An honest negative: the preregistered point-prediction and calibration gates fail, with a
mechanism-level account of why (curve-shape blindness, axis mismatch, mild overthinking)
and a moderator map over budget gap and benchmark class (Sections 5.2–5.5).

4. A positive reframing with explicit exposure accounting: a probe-computable saturation screen
(2.8× error separation on the preregistered noise-normalized axis; the raw-error separation
reverses, Section 5.2) and a buy rule with zero over-promises in 14 and 12 buy decisions at
the two tested thresholds. The rule was constructed on the 24 Qwen3 cells and is held out
on the R1-Distill lineage, where the completed holdout delivered six buy decisions, all correct
(Section 5.7).

5. An approach comparison under preregistration: the aggregate selected-family curve beats a
per-item logistic alternative (16/24 versus 10/24 CI coverage at the post-hoc realized-token
diagnostic readout), which wins exactly the one cell the preregistration flagged in advance
(Section 5.6).

2 Related Work

Test-time scaling and thinking budgets. Scaling test-time compute is established as an al-
ternative to scaling parameters [1], with a survey cataloging the mechanisms for controlling reason-
ing effort [12] and a broad empirical map of reasoning-model behavior across models and bench-
marks [22]. On the sequential axis specifically, budget forcing [23], RL-trained length control [4],
and adaptive effort control [24] all modulate thinking length, while prompt-difficulty routing mod-
ulates inference cost through model choice rather than thinking length [25]; log-linear accuracy
gains in log-budget are reported on medical reasoning [6], and log-linear pass@k gains on fractured
chain-of-thought sweeps [5]. A theoretical account derives the log-linear regime from difficulty mix-
tures [7]. None of these works fits on cheap low-budget cells and validates extrapolation on held-out
high-budget cells; that validation gap is the specific opening this paper addresses.

1The 96 grid cells with Control = 1.0 decompose as 60 low-grid cells (3 models × 5 budgets × 4 benchmarks) plus
all 36 measured high-budget cells (the 28-cell preregistered suite and the 8 R1-Distill holdout cells); the 6 smoke cells
(2 lineages × 3 budgets) also passed.
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The curve-shape debate. Whether more thinking monotonically helps is contested. Inverted-
U relationships with difficulty-dependent peaks [13], flat or oscillatory budget curves on o1-like
models [14], declining accuracy in realized length within difficulty tiers [16], model-family splits
between monotone and peaked behavior [15], collapse regimes at high complexity [26], flat curves
on knowledge-intensive tasks [27], and plateau-then-jump shapes [28] all argue against naive extrap-
olation. A key reconciliation, which our design operationalizes, is that much of the non-monotone
evidence conditions on endogenous realized length (models think longer on items they cannot solve),
not on an exogenous budget intervention [16]. Our exogenous-knob sweep de-confounds this, and
our finding of smooth, monotone-saturating curves (up to a mild MATH-500 dip) under an exoge-
nous knob (Section 5.1) supports the artifact interpretation of much of the pathology literature,
consistent with evidence that truncation-style knobs sit far below native control at small budgets
and can act as artifactual performance ceilings [4, 29] and that incomplete reasoning can score
below no reasoning at all [30].

Performance prediction and scaling-law extrapolation. Fit-cheap-extrapolate-expensive
methodology is mature on other axes: broken neural scaling laws [31], Bayesian extrapolation with
prior-data fitted networks [32], latent-variable scaling frameworks [33], budget-efficient fit-point
selection [9], prescriptive scaling with evaluation-budget-optimal designs [10], and observational
scaling laws across model families [11]. On the parallel-sampling axis, per-item distributional
modeling predicts pass@k scaling at large k from small-k measurements with up to 10× error
reductions over aggregate regression [8]. We import this literature’s discipline (held-out-budget
validation, uncertainty-first fitting, preregistration of frozen fits) onto the sequential thinking-token
axis, where it has not been applied, and we test the per-item recipe head-to-head against aggregate
curve fitting (Section 5.6).

Efficient evaluation and its failure modes. Reduced-cost evaluation via item subsets is well
studied [34], and its central caution transfers to our setting: learned predictors that dominate
in-distribution can invert to worst-in-class in extrapolation regimes, so estimators anchored on un-
biased measurements degrade more gracefully [35]. Signal-to-noise analyses formalize when bench-
mark comparisons are decidable at all [36], and metric-induced [37] and seed-sampling-induced [38]
artifacts can manufacture apparent discontinuities. These works motivate our noise-normalized
success gate, our carry-forward baselines, and our screen-based reporting. Kinetics-style cost ac-
counting, in which attention makes true cost quadratic rather than linear in tokens, informs our
cost-ratio reporting [39]. Contamination concerns, acute for small competition benchmarks and
nearly undetectable post hoc in reasoning models [40], motivate reporting AIME 2024 and AIME
2025 as separate strata. Hybrid think/no-think switching is imperfect, so the zero-budget anchor
is treated as diagnostic only [41]. Broader arguments for forecastable evaluation practice appear
in Anwar et al. [42].

3 Method

3.1 Budget knob and knob-fidelity gate

The controlled variable is the nominal per-response thinking budget B: a hard cap on thinking
tokens enforced in a two-phase serving harness. Phase one generates the thinking segment under
a token cap with a forced transition to answering when the cap is exhausted; this mechanism is
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identical for both lineages at positive budgets, and the lineages differ only at the B = 0 anchor
(Qwen3’s native no-think mode versus a template-forced empty thinking segment for R1-Distill).
Phase two generates the visible answer. Because both lineages are evaluated under the same hard
cap with forced transition, every curve in this paper measures the cap-budget response: accuracy
as a function of an enforced serving-side budget, which is the control a deployment can actually
turn. We make no claim about the response to natively trained budget controls; at small caps
the probe cells partly score amputated chains of thought, and the planned native-versus-truncation
ablation that would quantify the difference between the two constructs was not run (Section 7). The
measured covariate is the realized mean thinking tokens x̄ of each cell, which can fall well below B

when the model stops thinking early. Following repeated warnings in the literature against fitting on
nominal budget [4, 39, 26], all curve fits regress accuracy on realized tokens; the nominal-to-realized
mapping is reported separately.

Before any sweep, each knob lineage passes a smoke gate: (i) Control, the fraction of responses
whose realized thinking respects the budget, must be at least 0.90 at positive budgets; (ii) no
truncation paradox: accuracy at the smoke’s smallest positive budget (1024) must not fall below
the B = 0 anchor [30]; (iii) the top grid cell must truncate fewer than 10% of responses, certifying
it unconstrained [29]; this third criterion is checkable only once the top cell lands. Qwen3-14B was
not smoked separately; its low grid was queued on the strength of the Qwen3-8B lineage smoke.
Criteria (i) and (ii) passed for both smoked lineages at smoke time; criterion (iii) passed post hoc
on all three lineages once each top cell landed (Section 5.1).

3.2 Budget grid and probe/holdout split

The nominal grid is B ∈ {0, 512, 1024, 2048, 4096, 8192, 16384, 32768}, log-spaced. Cells with B ≤
4096 form the probe; cells at B ∈ {8192, 16384, 32768} are the held-out prediction targets. The
B = 0 no-think cell is a diagnostic anchor and is excluded from all fits [41]. The unit of prediction
is benchmark-level accuracy at budget B. A (model, benchmark, budget) cell is entirely probe or
entirely holdout; no quantity derived from any high-budget measurement enters any fit, enforced
by run order (Section 3.4).

3.3 Curve families and selection

For each (model, benchmark) pair, four candidate families are fit to the probe cells (512–4096)
at realized-token x: (a) linear in log x; (b) floored sigmoid in log x with the guessing floor fixed
rather than fitted (0.25 for GPQA multiple choice, 0 for AIME/MATH) [33, 11]; (c) a saturating
power law on error rate; (d) a broken-scaling form capable of expressing breaks [31], acknowledged
near-degenerate on four probe points. Fitting uses multi-start bounded L-BFGS; family selection
minimizes leave-one-cell-out (LOO) mean squared error within the probe range, with ties resolved
toward fewer parameters. Selection never sees held-out budgets. Uncertainty is propagated by an
item-level bootstrap (200 replicates) through the selected family, yielding a frozen 90% prediction
interval per target cell.

Two alternatives are preregistered alongside this primary approach (A): (B) a per-item shared-
slope logistic in log x, the sequential-axis analogue of the distributional recipe that dominates on the
parallel axis [8], aggregated to benchmark accuracy as a mixture; and (C) an anchored convex blend
of the carry-forward baseline and the selected curve, weighted by inverse LOO error, following the
graceful-degradation template of Polo et al. [34] and Zhang et al. [35]. The plan mandated three
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naive baselines: last-observed-value carry-forward, ordinary least squares linear in log realized
tokens (coinciding with family (a), whose per-cell fits and frozen predictions are recorded in the
preregistration artifacts), and a 2×-probe extrapolation. The third was never computed before
freezing; Section 5.2 reports it as a post-hoc comparison computed from the landed 8k cells.

Readouts. Every frozen curve is a function of realized thinking tokens x, and it is evaluated in
two distinct ways that the reader should keep separate. The protocol forecast Pred@B evaluates the
frozen curve at x = B, the nominal budget of the target cell; it is available at probe time, before the
target cell exists, and it is the object the preregistered gate scores. The diagnostic readout Pred@x̄

evaluates the same frozen curve at x̄, the target cell’s measured mean realized thinking tokens.
Because x̄ is a statistic of the held-out run itself, Pred@x̄ is not available at probe time and is never
used as a forecast; it serves only post hoc, to attribute a miss to the axis (the nominal-to-realized
mapping) versus the curve shape. All headline verdicts score Pred@B.

3.4 Preregistration protocol

For each model lineage, the full prediction artifact (all candidate-family parameters and LOO er-
rors, selected-family point predictions at 8192/16384/32768, 90% bootstrap intervals, per-item and
anchored alternates, carry-forward values, and a probe-cost sweep over Blow ∈ {1024, 2048, 4096})
was serialized, hashed with SHA-256, and recorded before any cell above 4096 tokens for that lineage
was queued; the commit of each artifact to a version-controlled repository landed before any high-
budget measurement for that lineage existed (for the two Qwen3 lineages, the commit also preceded
queuing). At evaluation time, the approach-A curves were reloaded directly from the hashed arti-
facts without refitting, and refitting the frozen per-item code on the frozen probe data reproduced
every committed per-item prediction with zero mismatches. Headline results use Blow = 4096. The
frozen artifacts also recorded observables to watch: the R1-Distill freeze flagged its own MATH-500
log-linear extrapolation (0.955 at 32k) as implausibly high and named the per-item alternative
(approximately 0.79) the believable forecast, an A-versus-B observable resolved in Section 5.6.

3.5 Saturation screen and decision rule

The saturation screen asks whether extrapolation should be trusted at all, using probe data only;
it was formulated after the 24 Qwen3 high-budget cells had been measured, so it is preregistered
only with respect to the R1-Distill lineage. The screen costs nothing: it reads a statistic the probe
already logs. Stated with probe-time inputs only, the full rule is:

1. Run the low-budget probe grid (B ∈ {512, 1024, 2048, 4096} plus the B = 0 anchor) with seed
replication, logging realized thinking tokens per response.

2. Compute x̄4096, the mean realized thinking tokens of the B = 4096 probe cell, and a4096, that
cell’s measured accuracy.

3. If x̄4096 < 0.9 × 4096, classify the cell budget-indifferent and predict no gain (do not buy).

4. Otherwise the cell is budget-hungry: fit the candidate families of Section 3.3 on the probe
cells’ realized tokens, select by LOO error, and compute the protocol forecast Pred@B at the
target budget B. Buy if and only if Pred@B − a4096 ≥ δ.
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Here B ≫ 4096 is the candidate high budget, δ is the practitioner’s minimum accuracy gain
worth paying for, and a4096 is the measured probe-top accuracy, not the fitted curve’s value there.
Outcomes are scored against the measured gain aB − a4096, where aB is the point estimate of
measured accuracy at the target cell. Errors divide into over-promises (rule says buy, measured
gain below δ: the costly error, paying for nothing) and under-promises (rule says no buy, measured
gain at least δ: a missed upside). The rule was fixed in the analysis record at 00:15 UTC, roughly
three hours before the first R1-Distill high-budget cell completed at 03:13 UTC, so the third lineage
is a genuine out-of-sample test of the rule.

3.6 Success criteria

Seven criteria were preregistered. The gating bar is noise-normalized: the protocol forecast Pred@B

must land within twice the target cell’s seed-to-seed standard deviation σseed, for the majority of
well-behaved cells (Section 5.2 additionally reports a non-preregistered pooled-σ reading of the same
gate, because the per-cell σseed rests on as few as 4 seeds). Absolute practitioner bars (±5 points
AIME, ±3 points MATH-500/GPQA) are reported alongside but do not gate, because a fixed point
bar on a 30-item benchmark partly measures the seed budget rather than the method. Further
criteria: screen conditional purity of at least 90%; stratified reporting that excludes flat cells from
the headline; 90% interval coverage in 80–97%; probe cost at most 20% of the full evaluation; the
best method must beat every computed naive baseline on mean noise-normalized error (Section 3.3
discloses the deferred 2×-probe baseline); and screen-flagged cells must show at least twice the
extrapolation error of screen-passing cells, with the error measured on the same noise-normalized
axis as the gate.

4 Experimental Setup

Models. Qwen3-8B and Qwen3-14B [2] and DeepSeek-R1-Distill-Qwen-14B [3]: two knob lin-
eages and three models, all served under the shared cap harness of Section 3.1, with the lineages
differing only at the B = 0 anchor. Models were chosen for the knob, and 8B is the floor because
smaller models plateau by roughly 5k thinking tokens [39]. A planned Qwen3-32B extension was
cut on infrastructure grounds (Section 7).

Benchmarks. AIME 2024 (30 items) [17] and AIME 2025 (30 items) [18], reported as separate
strata as a contamination diagnostic [40]; MATH-500 (500 items, difficulty levels 1–5) [19, 20]; and
GPQA-Diamond (198 items) [21]: 758 items total, four benchmarks drawn from three widely used
reasoning benchmark families (the two AIME years form one family, reported separately), spanning
headroom-hard to deliberately saturated regimes. Raw files are SHA-256 hashed; prompts are
frozen once in deterministic manifests and reused identically at every budget cell; GPQA options
are shuffled once per item with an item-seeded generator and held fixed across all cells and models.

Serving and scoring. All generation uses vLLM 0.10.1 [43] (with transformers 4.56.2 [44]) on
single NVIDIA A100 80GB instances, temperature 0.6, top-p 0.95, max_model_len 40960, and an
answer phase capped at 2048 tokens; this is the sampling configuration recommended by the model
providers and used by the cited evaluations [40, 5]. Seeds are fixed per repeat index: 16 seeds per
cell for each AIME year, 8 for GPQA-Diamond, 4 for MATH-500. Every response logs its realized
thinking tokens. Math answers are scored by boxed-answer extraction with math-verify 0.7.0 [45]

7



Cheap thinking-budget probes are one-sided forecasts but conservative purchasing signals

(version-pinned after an unpinned run silently fell back to exact matching and depressed MATH-
500 scores by about 0.06); GPQA is scored by letter extraction. No LLM judge is used anywhere,
to keep small budget-cell deltas free of judge noise [12].

Runs and cost. Each low-grid job produces 22,720 scored responses (4 benchmarks × 5 budgets
× per-benchmark seeds); each high-budget cell job produces 4,544. Record files are SHA-256
hashed. The 8B probe cost 6.76 A100-hours against 31.5 A100-hours for its three high-budget cells.
The preregistered evaluation suite, fixed at the analysis freeze, comprises 28 cells (12 per Qwen3
model, 4 for R1-Distill at 8k); the remaining eight R1-Distill cells (16k and 32k) were preregistered,
completed after the freeze, and are reported as the completed holdout (Section 5.7). The full
campaign measured 36 high-budget cells.

5 Results

5.1 Knob fidelity and curve characterization

The budget knob is faithful on both lineages: Control = 1.0 on all 96 grid cells, comprising the 60
low-grid cells (3 models × 5 budgets × 4 benchmarks) and all 36 measured high-budget cells (the
28-cell preregistered suite plus the 8 R1-Distill holdout cells), as well as on the 6 smoke cells; since
the cap is harness-enforced, this certifies the implementation rather than any model-side budget-
following behavior. No truncation paradox appeared at the preregistered smoke gate (deltas at 1024
versus 0: +0.033 for Qwen3-8B and +0.10 for R1-Distill; smoke accuracies rose 0.200/0.233/0.383
and 0.133/0.233/0.450 at budgets 0/1k/4k respectively). Top-cell truncation rates at 32k are below
the 10% certification threshold on all three lineages (0.001–0.098 on the Qwen3 cells; 0.001–0.048
on the R1-Distill cells once its top cell landed), completing criterion (iii) everywhere.

Under this exogenous knob every probe curve is monotone-increasing endpoint-to-endpoint
(slope signs positive on all 12 model–benchmark pairs, from +0.254 on R1 AIME-2024 down to
+0.028 on Qwen3-14B MATH-500), with small mixed-sign deltas at B = 512 in the underthinking-
cliff region, as the literature predicts [30]: at that budget, below the smoke gate’s smallest cell,
accuracy sits marginally below the B = 0 anchor in 6 of 12 model–benchmark pairs (deltas down
to −0.027). A few further dips within seed-level noise appear along the curves (Qwen3-8B GPQA
and Qwen3-14B AIME-2024 between 512 and 1024, and measured Qwen3-8B GPQA between 16k
and 32k). The largest non-monotonicity in the campaign is the mild MATH-500 overthinking dip
described in Section 5.4. This supports the hypothesis that reported non-monotone budget curves
are largely artifacts of endogenous-length conditioning or forced truncation rather than properties
of exogenous budget scaling [16, 4].

The realized-token distributions also justify the fit axis: at the 4096 probe cap, Qwen3-8B
consumes essentially the full cap on AIME (about 4080 realized tokens) but only about 2936 on
MATH-500, and R1-Distill only about 2225 on MATH-500. LOO family selection returned the same
winners on all three lineages: floored sigmoid on both AIME years, log-linear on GPQA-Diamond
and MATH-500.

5.2 The preregistered point-prediction gate fails

Table 2 reports the seven preregistered criteria; Table 1 gives the full 28-cell suite; Figure 1 shows
the curves. The headline stratum is the 14 budget-hungry cells (the screen of Section 3.5 splits the
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Figure 1: Accuracy versus realized thinking tokens for every model–benchmark pair: probe mea-
surements, the frozen selected-family curve, and the held-out high-budget measurements. Budget-
hungry benchmarks (AIME) keep climbing above the frozen curve until natural thinking saturates
near 12–17k tokens; budget-indifferent benchmarks (MATH-500, Qwen3 GPQA) stop consuming
budget near 4–6.6k realized tokens, where the frozen curve is accurate at the diagnostic realized-x
readout and the miss is purely the axis.

suite 14/14). The best approach on that stratum, the protocol forecast Pred@B from the selected
family, achieves mean noise-normalized error 2.67σ and passes the 2σ gate on 35.7% of cells (5 of
14): the gate fails. Because the per-cell σseed rests on as few as 4 seeds (3 degrees of freedom on
MATH-500), we also report a non-preregistered alternative reading that pools σseed across the seven
validated cells of each benchmark, degrees-of-freedom weighted (pooled values 0.052 and 0.054 for
the AIME years, 0.019 for GPQA-Diamond, 0.005 for MATH-500). Under the pooled denominator
the hungry-stratum pass rate rises to 7 of 14 (0.500) and the all-cell rate to 10 of 28 (0.357, from 8
of 28). The gate fails its majority bar under either denominator; the frozen per-cell reading remains
primary. Screen conditional purity equals the same 35.7% against a 90% bar: fail. On the absolute
practitioner bars, the protocol forecast hits 10 of 28 cells and the diagnostic realized-axis readout
13 of 28; every 16k and 32k AIME cell misses low by 9–24 points.

Probe cost fails its preregistered bar, which was denominated in thinking tokens at 20% of
the full evaluation: the probe costs 35–38% of the three-cell high suite in thinking tokens on the
Qwen3 lineages, and 39.0% on the R1-Distill lineage now that its high suite is complete. Under
the alternative GPU-hours accounting the cost is marginal at 21% (6.76 versus 31.5 A100-hours on
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8B, similar on 14B), and about 45% of a single 32k cell; GPU-hours beat tokens because attention
makes high-budget tokens quadratically expensive [39].

The two criteria that pass require honest annotation. On criterion 6, the selected curve beats the
carry-forward baseline, the OLS log-linear baseline (candidate family (a), whose frozen predictions
under-predict on all 14 budget-hungry cells), and both preregistered alternatives on the headline
stratum: mean noise-normalized errors order as 2.67 selected < 2.95 anchored < 3.04 per-item <

3.58 OLS log-linear < 5.65 carry-forward. The criterion passes against every baseline computable
at freeze time, but the mandated 2×-probe baseline was not among them (next paragraph). On
criterion 7, the bar is stated on the preregistered noise-normalized axis, where flagged (budget-
indifferent) cells show mean error 7.48σ against 2.67σ on screen-passing cells, a 2.8× separation
that meets the 2× bar. On raw absolute error the direction reverses: flagged cells miss by 0.043 on
average against 0.130 for passing cells (ratio 0.33). Both statements are true and the reader should
hold both: flat cells have small absolute misses but very small σseed (MATH-500 pools to 0.005),
so two-to-three-point misses become large sigma multiples. The 2.8× figure certifies the screen in
noise units on the axis the preregistration specified; it does not validate the decision rule, which is
evaluated on its own exposure sets in Section 5.7.

The post-hoc 2×-probe baseline. The plan’s third baseline, carrying the measured accuracy at
8192 forward to 16384 and 32768, was never computed before freezing. It is computable today from
the landed 8k cells at zero new generation cost, and we report it as a post-hoc, non-preregistered
comparison. On the 16 cells where both the 8k anchor and the target had landed at the analysis
freeze (Qwen3 models only; the R1-Distill 16k and 32k cells landed after the freeze and are not
folded into this post-hoc comparison), the 2×-probe baseline achieves mean absolute error 0.092
against 0.108 for the frozen selected family on the same cells, winning 11 of 16: it is far better on
the flat stratum (0.011 versus 0.051 over 8 cells) and slightly worse on the budget-hungry stratum
(0.173 versus 0.166 over 8 cells). Criterion 6 therefore stands as preregistered, but the honest
overall verdict is mixed: a practitioner willing to pay for one 8k evaluation, which costs roughly the
probe again at a higher per-token price, obtains a better point predictor on saturating cells than
any curve fit from the ≤4k probe. The frozen curve retains two roles the 2×-probe cannot fill: it
is the only forecast available before any high-budget cell exists, and on budget-hungry cells both
predictors still under-predict the 32k outcome.

5.3 Calibration

Frozen 90% intervals cover 15 of 28 outcomes (53.6%; 64.3% on the budget-hungry stratum, 42.9%
on the flat stratum), well below the 80–97% target. The cause is identifiable: the bootstrap propa-
gates per-cell binomial noise through the chosen family, so intervals are appropriately wide where
data are noisy (AIME half-widths roughly ±0.12–0.15) but cannot widen for functional-form er-
ror, which is the dominant error source. MATH-500 intervals are precise (roughly ±0.03–0.04)
and wrong-axis. A calibrated successor needs a form-uncertainty term (for example multi-family
mixture intervals) or the decision-layer reframing of Section 5.7. Two construction details bear
noting. First, both the measurement CIs and the frozen PIs resample items only, with each item’s
accuracy averaged over its seeds; any seed-common variance component is treated as zero, an anti-
conservative simplification that is second-order here (on MATH-500, σseed/

√
4 ≤ 0.0041 against

item-bootstrap half-widths of roughly 0.03, and on AIME the 30-item component dominates). Sec-
ond, no post-hoc widening was applied to the frozen artifacts.
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5.4 Error mechanisms

Three mechanisms, each diagnosed from the data, account for the misses.
Curve-shape blindness (budget-hungry cells). The probe cells span the pre-acceleration region,

so the LOO-selected sigmoid places its ceiling near the last observed level while the true curve
keeps climbing until natural thinking saturates near 12–17k realized tokens. Measured exceeds
the protocol forecast Pred@B in all six independent (model, benchmark) budget-hungry curve
groups; because the three budgets within a group share one frozen curve, one 30-item set, and
overlapping seeds, the honest significance statement is at the group level, a two-sided sign test
with p = 2 × (1/2)6 = 0.031. Descriptively the count is 14 of 14 cells, with under-prediction from
+0.03 to +0.24 at nominal x (+0.09 to +0.24 on the 12 Qwen3 AIME cells); the single largest
miss is Qwen3-14B AIME-2025 at 32k (measured 0.723 versus predicted 0.485). (On the completed
R1-Distill holdout, outside this suite, one 32k buy cell broke the pattern, measuring 0.060 below
its frozen forecast; Section 5.7.) The diagnostic readout Pred@x̄ makes these cells worse (the curve
has flattened while accuracy still rises), which is what establishes the miss as genuinely about shape
rather than axis.

Axis mismatch (budget-indifferent cells). Qwen3 GPQA and MATH cells stop consuming bud-
get near 4–6.6k realized tokens under a 32k cap, and R1-Distill MATH-500 stalls near 2.7k under
its 8k cap. Nominal-x extrapolation then over-predicts by up to 0.10, because it prices in thinking
the model never does. The post-hoc diagnostic readout Pred@x̄, which requires the held-out cell’s
measured x̄ and is therefore a diagnosis rather than a probe-time forecast, is covered by the mea-
surement CI in 12 of 12 Qwen3 budget-indifferent cells, and all 4 R1-Distill 8k cells are likewise
covered at realized x. Here the curve was right and the axis was wrong; the coverage statement
uses the measurement CI, a more lenient bar than the preregistered 2σseed gate, and is offered as
mechanism attribution, not as a pass.

Overthinking is mild and saturating. MATH-500 accuracy declines by at most 0.023 from its
4k peak and partially recovers by 32k; no cell shows compounding degradation. The inverted-U
pathologies of the endogenous-length literature [13] do not materialize under the exogenous knob.

What did not happen also matters: no truncation paradox at the smoke gate, no Control failure,
no non-monotone oscillation, and no preregistration integrity failure (Section 3.4).

5.5 Moderators

Error is moderated in the hypothesized directions, and the resulting moderator map is the infor-
mative product of the failed gate. Budget gap: on the headline stratum, mean absolute error at
nominal x grows from 0.083 at the 8k target to 0.177 at 16k, then eases to 0.154 at 32k as the
natural-saturation ceiling arrives (thinking plateaus near 12–17k tokens, so the 32k cell is closer
to the curve’s flat region than the 16k cell); see Figure 2. Benchmark class is the dominant mod-
erator, and it is model-dependent rather than benchmark-intrinsic: R1-Distill GPQA is still 30%
truncation-bound at 8k where Qwen3 GPQA has stalled near 5k realized tokens (8B stalls at 6.6k,
14B at 5.1k). Class membership must therefore be measured by the probe, not assumed per bench-
mark. Model lineage: the direction and mechanism of every miss replicate across all three lineages;
magnitudes differ (R1-Distill thinks more per budget, so its 8k under-predictions are smaller). Noise
floors: σseed spans 0.027–0.068 on AIME, 0.015–0.024 on GPQA, and 0.002–0.008 on MATH-500,
so the noise-normalized gate is hardest exactly where measurement is most precise, which is why
flat MATH cells fail the gate on two-to-three-point misses at realized x.

11
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Figure 2: Prediction error versus budget gap, by curve class. Extrapolation error grows with the
budget gap on budget-hungry cells and eases slightly at 32k as natural saturation arrives (values
in Section 5.5), while budget-indifferent cells show a different failure (axis mismatch) that the post-
hoc realized-x diagnostic removes.

5.6 Approach comparison: the aggregate curve beats the per-item model

On the 24 Qwen3 cells, the selected aggregate curve (A) achieves 16/24 CI coverage at realized x

against 10/24 for the per-item logistic (B); mean absolute errors are 0.106 versus 0.110 (realized x)
and 0.094 versus 0.107 (nominal x). The distributional recipe that wins on the parallel-sampling
axis [8] does not transfer: on MATH-500 the monotone per-item ogives compound the same blind-
ness to overthinking saturation and cover 0 of 6 cells against 6 of 6 for A, and on AIME both
approaches share the curve-shape failure. The anchored blend (C) never beats A on the headline
stratum. The single exception corroborates the preregistration: B wins exactly one cell, R1-Distill
MATH-500, the very cell the frozen R1 artifact flagged in advance (its log-linear 0.847 at 8k missed
by −0.06 while the frozen per-item 0.759 landed within 0.03 of the measured 0.786). The completed
holdout resolved the flagged observable decisively: at 32k the log-linear extrapolation the freeze
had called implausible (0.9547) missed the measured 0.8060 by 0.149, while the frozen per-item
alternative (0.7912) missed by only 0.015. Across all 28 cells, aggregate MAE is 0.086 at nominal
x and 0.097 at realized x, with CI coverage improving from 0.536 to 0.714 when read at realized
x: the realized-x readout is not better on raw error (AIME dominates and worsens there) but is
better calibrated, and, as a post-hoc diagnostic, it is what isolates the mechanisms of Section 5.4.
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Figure 3: Outcomes of the naive curve-only rule versus the saturation-aware rule at both gain
thresholds. Adding the probe-computable saturation check converts every costly over-promise into
either a correct decision or a cheap missed upside, at both δ = 0.02 and δ = 0.05, on the validated
suite.

5.7 From forecast to purchasing signal

The failed forecast still contains the answer to the practitioner’s actual question, provided the
exposure is stated honestly: only buy decisions can over-promise, so the relevant denominator is
the number of buys, not 28. The naive rule (buy whenever the frozen curve forecasts a gain of at
least δ) buys 28 times at δ = 0.02 and 18 times at δ = 0.05 and over-promises 7 and 5 times, with
the failures concentrated on budget-indifferent cells where the curve extrapolates a gain the model
never collects. The saturation-aware rule of Section 3.5 buys 14 times at δ = 0.02 and 12 times at
δ = 0.05 and over-promises zero times in both cases (Table 3, Figure 3).

Zero failures in so few clustered decisions bounds the true rate only loosely: by the rule of three,
the 95% upper bound on the over-promise rate is 3/14 = 0.214 at δ = 0.02 and 3/12 = 0.250 at
δ = 0.05 (pooling the completed holdout into the campaign record gives 18 and 16 buys, all correct,
with pooled bounds 3/18 = 16.7% and 3/16 = 18.8%; the 6 holdout buys alone bound the rate
only at 3/6 = 50%), and the buys derive from the six clustered AIME curve groups of Section 5.4,
so the effective number of independent decisions is smaller still. Decision accuracy is 0.750 (21 of
28; Wilson 95% CI [0.566, 0.873]) at δ = 0.02 and 0.893 (25 of 28; [0.728, 0.963]) at δ = 0.05.

Every error of the saturation-aware rule is a missed upside: at δ = 0.02 the seven under-promises
are all flat-stratum cells with measured gains up to +0.051 (Qwen3-8B GPQA at 16k), while at
δ = 0.05 the rule declines two budget-hungry AIME-2025 cells whose forecast gains (0.042, 0.045)
fell just below threshold and whose measured gains reached +0.150 and +0.171; the cost asymmetry
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is preserved, but the missed upside is not always small.
The screen and rule were constructed on the 24 Qwen3 cells, in full view of the naive rule’s

failures there, so the 24-cell record is construction, not validation. The rule was fixed roughly three
hours before the first R1-Distill high cell landed, so the twelve R1-Distill cells are a genuine holdout,
and that holdout is now complete: six buy decisions (the two AIME benchmarks at 8k, 16k, and
32k), all correct at both thresholds, and zero over-promises anywhere in the campaign. At 8k both
buy decisions were correct, and the two no-buy decisions were correct at δ = 0.05 but under-promises
at δ = 0.02 (GPQA-Diamond +0.023, MATH-500 +0.032 over their probe tops). At 16k the AIME-
2024 measurement (0.6292) fell within 0.0005 of its frozen sigmoid forecast (0.6296), AIME-2025
exceeded its forecast gain (+0.196 measured versus +0.137 forecast), and the no-buy cells repeated
the 8k pattern (correct at δ = 0.05, under-promises at δ = 0.02: +0.017 GPQA-Diamond, +0.043
MATH-500). The final 32k cell closed the campaign with both buy decisions correct by wide margins
(AIME-2024 gained +0.271 against a forecast gain of +0.331; AIME-2025 gained +0.206 against
+0.209) and carries the record’s one substantive forecast shortfall: the AIME-2024 measurement
(0.6750) fell 0.060 below its frozen forecast (0.7353), because R1-Distill’s natural thinking saturates
near 10.7k realized tokens, well short of what the frozen sigmoid assumed. The 32k no-buy decisions
were correct on GPQA-Diamond at both thresholds (measured gain +0.010) and under-promises on
MATH-500 at both (measured gain +0.052, the largest missed upside of the campaign at δ = 0.02).
Six holdout buys still cannot tightly bound an error rate. The one-sidedness result strengthens the
signal beyond the binary decision, with its scope now stated exactly: on the preregistered suite the
frozen forecast under-predicted in all six curve groups (14 of 14 budget-hungry cells), and on the
completed holdout the measured score beat the frozen forecast or matched it to within 0.003 on
five of six buy cells and fell 0.060 short on the sixth. When the rule said buy, the frozen forecast
functioned as an approximate lower bound on what the practitioner actually got, not a guaranteed
one; on the one exception the buy was still correct by a wide margin, which is the record’s point:
the decision is robust even where the point forecast is not.

14



Cheap thinking-budget probes are one-sided forecasts but conservative purchasing signals

Table 1: The 28-cell validation suite. Measured accuracy with 95% CI (item-level percentile boot-
strap, 1000 replicates, each item’s accuracy pooled over its seeds), mean realized thinking tokens x̄,
the frozen protocol forecast Pred@B (curve read at the nominal budget; the preregistered object,
available at probe time), and the post-hoc diagnostic readout Pred@x̄ (curve read at the target cell’s
measured x̄; not available at probe time). The 90% PI column is the frozen 90% prediction interval
for Pred@B. Asterisks mark measured values outside the frozen 90% PI (13 of 28; coverage 53.6%).
In this suite every AIME cell is budget-hungry (screen-passing) and every GPQA-Diamond and
MATH-500 cell is budget-indifferent (screen-flagged). The starred Qwen3-14B MATH-500 cell at
8192 is a boundary case: at full precision the measured value falls 0.0003 below the PI lower bound
(0.8235 versus 0.8238), a miss invisible at the displayed rounding. Because the frozen prediction
intervals were built from 200 bootstrap replicates, the Monte Carlo standard error of the PI end-
point exceeds this 0.0003 margin, so that cell’s miss-or-cover status is within bootstrap resolution
and empirical coverage is 15-or-16 of 28; the calibration verdict (fail against the 80–97% target)
is unchanged at either count. R1-Distill cells at 16k and 32k are excluded from the preregistered
suite by construction (the suite was fixed at the analysis freeze, before those cells landed) and are
reported in the holdout paragraphs of Section 5.7.

Benchmark B Measured 95% CI x̄ Pred@B Pred@x̄ 90% PI

Qwen3-8B
AIME-2024 8192 0.575 [0.429, 0.715] 7433 0.489 0.475 [0.376, 0.620]
AIME-2024 16384 0.715 [0.573, 0.831] 11118 0.585 0.531 [0.445, 0.723]
AIME-2024 32768 0.762 [0.631, 0.881] 13708 0.676 0.561 [0.519, 0.813]
AIME-2025 8192 0.473 [0.321, 0.646] 7544 0.365 0.358 [0.234, 0.480]
AIME-2025 16384 0.621∗ [0.473, 0.763] 12479 0.420 0.398 [0.286, 0.558]
AIME-2025 32768 0.675∗ [0.523, 0.808] 16650 0.478 0.421 [0.342, 0.627]
GPQA-D 8192 0.572 [0.517, 0.628] 5470 0.565 0.547 [0.509, 0.614]
GPQA-D 16384 0.587 [0.527, 0.642] 6379 0.595 0.554 [0.533, 0.649]
GPQA-D 32768 0.574 [0.516, 0.626] 6587 0.625 0.555 [0.557, 0.686]
MATH-500 8192 0.820∗ [0.789, 0.849] 3885 0.852 0.836 [0.821, 0.880]
MATH-500 16384 0.811∗ [0.778, 0.844] 4566 0.867 0.840 [0.830, 0.902]
MATH-500 32768 0.817∗ [0.782, 0.850] 4814 0.882 0.841 [0.839, 0.924]

Qwen3-14B
AIME-2024 8192 0.627 [0.490, 0.765] 7198 0.526 0.507 [0.400, 0.654]
AIME-2024 16384 0.777∗ [0.646, 0.904] 10629 0.624 0.563 [0.489, 0.756]
AIME-2024 32768 0.808 [0.683, 0.923] 12737 0.713 0.589 [0.575, 0.841]
AIME-2025 8192 0.500 [0.358, 0.665] 7431 0.374 0.367 [0.241, 0.500]
AIME-2025 16384 0.654∗ [0.508, 0.783] 12086 0.429 0.405 [0.281, 0.572]
AIME-2025 32768 0.723∗ [0.579, 0.863] 15474 0.485 0.424 [0.322, 0.658]
GPQA-D 8192 0.596 [0.537, 0.658] 4556 0.636 0.606 [0.588, 0.693]
GPQA-D 16384 0.623 [0.566, 0.683] 5048 0.670 0.611 [0.617, 0.735]
GPQA-D 32768 0.624∗ [0.567, 0.684] 5103 0.705 0.612 [0.641, 0.773]
MATH-500 8192 0.824∗ [0.788, 0.854] 3466 0.854 0.839 [0.824, 0.886]
MATH-500 16384 0.821∗ [0.787, 0.854] 3986 0.867 0.842 [0.831, 0.907]
MATH-500 32768 0.829∗ [0.796, 0.859] 4095 0.879 0.842 [0.839, 0.927]

DeepSeek-R1-Distill-Qwen-14B
AIME-2024 8192 0.538 [0.406, 0.673] 6464 0.510 0.468 [0.411, 0.637]
AIME-2025 8192 0.404 [0.262, 0.546] 6621 0.358 0.338 [0.223, 0.467]
GPQA-D 8192 0.589 [0.534, 0.645] 5265 0.609 0.585 [0.556, 0.659]
MATH-500 8192 0.787∗ [0.751, 0.818] 2737 0.847 0.761 [0.812, 0.879]
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Table 2: Preregistered success criteria and verdicts. The point-prediction and calibration gates fail;
the baseline-margin and screen-validation criteria pass.

Criterion Preregistered bar Result Verdict

1. Noise-normalized gate within 2σseed for major-
ity of well-behaved cells

best approach passes 35.7%
(5/14) of budget-hungry
cells (mean 2.67σ); 50.0%
(7/14) under the post-hoc
pooled-σ reading

fail

2. Screen conditional purity ≥ 90% of screen-passing
cells meet gate

35.7% (same cell set as crite-
rion 1)

fail

3. No trivial-cell padding stratified reporting;
flat cells excluded from
headline

done (14 hungry / 14 flat) met

4. Calibration frozen 90% PIs cover
80–97%

53.6% (hungry 64.3%, flat
42.9%)

fail

5. Probe cost ≤ 20% of full-
evaluation thinking
tokens

35–39% tokens; 21% GPU-
hours and ∼45% vs. one 32k
cell as alternative account-
ings

fail

6. Baseline margin best method beats
every naive baseline
(mean nn-error)

headline: 2.67 < 2.95 <

3.04 < 3.58 < 5.65 vs. an-
chored, per-item, OLS log-
linear, and carry-forward;
post-hoc 2×-probe baseline
beats the frozen curve on
11/16 comparable cells (Sec-
tion 5.2); on flat stratum
carry-forward wins (2.63 vs.
3.01)

pass vs. frozen-
time baselines;
mixed vs. post-
hoc 2×-probe

7. Screen validation flagged cells ≥ 2× error
of passing cells (noise-
normalized)

2.8× noise-normalized; raw-
error ratio 0.33 (direction re-
verses)

pass on prereg-
istered axis

Table 3: Decision-rule comparison over all 28 validated cells: should the practitioner pay for budget
B > 4096 to gain at least δ? Buy decisions are the exposure set for over-promises (buy, but the
measured gain falls short: the costly error); no-buy decisions are the exposure set for under-promises.
The saturation-aware rule makes zero over-promises at both thresholds; with zero failures the 95%
upper bound (UB) on the true over-promise rate is the rule-of-three bound 3/nbuy. Accuracy
intervals are Wilson 95%. Of the saturation-aware buys, 2 at each δ are R1-Distill holdout decisions.

Rule δ Buys No-buys Over Under Accuracy [95% CI] Over-promise rate

Naive (curve only) 0.02 28 0 7 0 0.750 [0.566, 0.873] 7/28
Saturation-aware 0.02 14 14 0 7 0.750 [0.566, 0.873] 0/14 (95% UB 0.214)
Naive (curve only) 0.05 18 10 5 2 0.750 [0.566, 0.873] 5/18
Saturation-aware 0.05 12 16 0 3 0.893 [0.728, 0.963] 0/12 (95% UB 0.250)
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6 Discussion

Why lead with a failed gate. The preregistration is what makes both halves of the finding
credible. Had the fits been free to adjust after the high-budget cells landed, the 35.7% gate pass
would likely have become a substantially more favorable number, and the one-sidedness of the misses,
the fact that carries all the practical value, could have been fit away. The frozen artifacts instead
expose a stable structure: low-budget probes cannot see the shape of a curve above the region they
sample (an instance of the general result that breaks above the fit range are unextrapolatable [31]),
but they can see, in their own realized-token statistics, whether the model has anything left to gain.

What a practitioner should do. The protocol our data support is: run the probe grid (budgets
512–4096 plus the B = 0 anchor, with seed replication and the Control check); fit and freeze the
curve families on realized tokens; compute the saturation check. If the probe is not saturating its
cap, do not buy more budget, and treat the probe-top accuracy as the working estimate: on our
budget-indifferent cells the measured high-budget score never moved more than +0.052 from the
probe top. The realized-x curve readout of Section 5.4 is not part of this recipe, because it requires
the target cell’s measured realized tokens; it is a post-hoc diagnostic, not probe-time guidance. If the
probe is saturating and the frozen curve forecasts a gain of at least the practitioner’s threshold, buy:
across the campaign this signal never over-sold in any of its buy decisions (14 in the preregistered
suite, 6 on the completed holdout), and the point forecast functioned as an approximate floor, not
an estimate, of the high-budget score, with one holdout exception where the measured score fell
0.060 below the frozen forecast while the buy remained correct by a wide margin. What the probe
cannot do is replace the high-budget run when an accurate point value is itself the deliverable.

Benchmark class is a measurement, not a property, and the screen can misread it. The
same benchmark can be budget-hungry for one lineage and budget-indifferent for another at the
same nominal budget (GPQA-Diamond; numbers in Section 5.5), so any protocol that hard-codes
benchmark classes can misclassify. The probe’s realized-token statistics recover class membership
cheaply, but not infallibly, and R1-Distill GPQA is the instructive failure: the probe realized
82% of the 4k cap (3370 of 4096 tokens), below the 90% threshold, so the screen classified the
cell budget-indifferent, yet the high-budget cell was still 30% truncation-bound at 8k and gained
+0.023, making the classification an under-promise error at δ = 0.02. The regime difference was
revealed by high-budget truncation, which the probe-only screen does not observe. In our suite this
screen failure mode was confined to the cheap direction (a missed upside, not an over-sold gain),
consistent with the screen’s conservative bias, but that confinement is an empirical observation, not
a guarantee.

Is the one-sided bound a truncation artifact? A natural objection is that fitting on heavily
truncated probe cells would mechanically produce under-prediction: the 4k AIME probe cells trun-
cate 78–100% of responses, so the probe accuracies may be depressed relative to what untruncated
reasoning would score at the same realized length, and a curve fit to depressed points would freeze
its ceiling too low. What our data do establish is that the held-out measurements themselves are
not truncation-suppressed: at B = 32768 the four Qwen3 AIME cells truncate only 2–10% of re-
sponses (0.021–0.098), so the measured 32k accuracies approximate the native ceiling. What the
data cannot establish is why the frozen curve sits below them: probe-side truncation depression of
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the fit cells and intrinsic curve-shape blindness both predict the same persistent under-prediction,
largest exactly where truncation has relaxed, and under the cap knob the two are observationally
equivalent, because truncation relief and gains from more thinking are the same event; only the
unrun native-versus-cap ablation could separate them (Section 7). For the practitioner the op-
erational consequence is identical under either mechanism: in the preregistered suite the frozen
forecast under-predicted on every budget-hungry cell, and on the completed holdout the measured
score beat the frozen forecast or matched it to within 0.003 on five of six buy cells while the forecast
overshot once by 0.060, so the forecast functioned as an approximate floor, not a guaranteed one,
whichever cause depressed its ceiling.

Where the per-item recipe stalls. The parallel-axis prediction literature [8] suggests per-item
distributional modeling should dominate aggregate curves. On the sequential axis it does not: per-
item monotone ogives inherit, and on saturating benchmarks compound, the same functional-form
blindness. The one preregistered exception (R1-Distill MATH-500, where the aggregate family was
flagged implausible before freezing) suggests per-item modeling is worthwhile precisely when the
aggregate family is known to be misspecified, a diagnosable condition rather than a default.

7 Limitations

Internal validity. AIME cells rest on 30 items; even with 16 seeds, σseed reaches 0.068 and 95%
CIs span roughly ±0.14, so several individual AIME cells technically cover their predictions even
where the systematic one-sided pattern (all six curve groups, cluster-level p = 0.031) establishes
the miss. The stringency of the noise-normalized gate itself rests on per-cell σseed estimates with
as few as 3 degrees of freedom on MATH-500, so part of the gate’s cross-benchmark stringency
variation is sampling noise in the denominator rather than real noise-floor differences; the pooled-σ
reading of Section 5.2 bounds the effect (the gate fails either way). The frozen 90% intervals are
miscalibrated for a diagnosed reason (no functional-form uncertainty term, Section 5.3); we report
the frozen intervals rather than post-hoc widened ones. The eight R1-Distill cells at 16k and 32k
were preregistered but landed after the analysis freeze; the 28-cell suite stands without them, and
they are reported as the completed holdout. Relatedly, the saturation screen and decision rule were
developed on the 24 Qwen3 cells and are held out only on the 12 R1-Distill cells, which landed
with all 6 holdout buy decisions correct, so the zero-over-promise record (0 of 14 and 0 of 12 buys
on the suite; 0 of 18 and 0 of 16 pooling in the holdout) remains largely in-sample, and its rule-of-
three bounds (pooled 3/18 = 16.7% at δ = 0.02, holdout-only 3/6 = 50%; Section 5.7) should be
read with that caveat. Contamination of public competition benchmarks cannot be ruled out post
hoc [40]; we mitigate by reporting AIME 2024 and 2025 as separate strata. The two years show the
same miss direction and mechanisms, but AIME-2024 sits +0.085 to +0.133 above AIME-2025 at
every paired high-budget cell, a stable level gap consistent both with contamination of the older set
and with a harder 2025 problem set; our design cannot adjudicate between these explanations, so
no cross-year level claim is made. MATH-500 is plausibly present in supervised fine-tuning corpora,
which is one reason its regime is saturated by design.

External validity. All results are at model scales of 14B parameters and below; a planned Qwen3-
32B extension was cut (it does not fit a single A100 80GB in bf16 at 40k context, and the campaign
was restricted to single-GPU serving), so no claim is made above 14B. The suggestive trend that
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larger models saturate earlier on GPQA (Section 5.5) rests on two points and is flagged as a
question, not a finding. Each lineage was tested with a single knob implementation (the shared cap
harness of Section 3.1, with lineage-specific B = 0 anchors); the planned native-versus-truncation
ablation on a single model was not run, so differences between cap-budget and native-budget
curves are unquantified, knob-mechanism effects and lineage effects are partially confounded, and
a practitioner with a natively trained budget control should treat our curves as the cap-construct
response only, though the cross-lineage replication of every qualitative result bounds the concern
within the cap construct. In addition, all budget-hungry cells in the validated suite are AIME cells:
no budget-hungry non-AIME cell exists in our data, so the buy-arm record rests on one benchmark
family with 60 unique items. A planned relative-budget normalization ablation (curve collapse at
x expressed as a fraction of natural thinking length) was also not run; both ablations are recorded
as future work.

Construct validity. Accuracy at nominal budget B is the practitioner-facing construct, but the
more physically grounded quantity is accuracy at realized thinking tokens; the divergence between
the two is itself one of our findings, and any deployment of the protocol must decide which axis its
consumer cares about. The 90%-of-cap screen threshold and the two gain thresholds (0.02, 0.05)
were fixed without a sensitivity sweep, so the robustness of the 14/14 split and of the decision
record to these choices is unquantified; the observed saturation statistic happens to leave an empty
margin around 0.9 (flat cells at or below 86.4% of cap, hungry cells at or above 92.8%), so any
threshold in that margin reproduces the same split in-sample, but a cell landing inside the margin
is unadjudicated by our data. Rank preservation across models at high budget was planned as a
metric but not computed. All serving ran one stack (vLLM 0.10.1, temperature 0.6, top-p 0.95)
on A100 hardware; curve levels, though plausibly not the saturation structure, may shift under
other serving configurations. Finally, the probe is cheap only under the GPU-hours accounting
(full figures in Section 5.2); with the R1-Distill high suite complete, that lineage’s probe token
fraction is 0.390, in line with the Qwen3 lineages and likewise above the preregistered 20% bar.

8 Availability

The artifacts of this study, including the evaluation harness code, per-response generation records
with realized thinking-token counts, the frozen and hashed preregistration files, and the analysis
scripts, are available from the authors on request.
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